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The phenomenon of apparent microhardness increase with increasing applied indentation 
test load, the reverse indentation size effect (RISE), was addressed from the viewpoint of 
indentation-induced cracking. The apparent microhardness when the cracking occurs was 
found to be related to the applied indentation test load as p5/3. Previously published results 
on single crystals of silicon, GaAs, GaP and InP, which differ by a factor of four, all fall on the 
same line when analysed through this concept. It is concluded that the RISE is a result of the 
specimen cracking during the indentation. 

1. Introduction 
For the measurement of the indentation microhard- 
ness of solids, there exists a dependence of the appar- 
ent microhardness on the applied test load. This 
phenomenon is known as the indentation size effect, 
frequently abbreviated as ISE. The usual trend of the 
ISE is that the microhardness decreases with an in- 
creasing applied test load or an increasing indentation 
size. Recently, it has been shown that, phenomenologi- 
cally, the ISE can be described by the proportional 
specimen resistance (PSR) [1, 2]. The PSR model has 
demonstrated a wide applicability to describe the ISE 
which has been observed in microhardness measure- 
ments for ceramics [3, 4], glasses [5], metals [2] and 
single-crystal diamond [6]. Utilization of the PSR 
model yields the indentation load-independent micro- 
hardness of the particular solid of interest. 

An opposite or reverse form of the indentation size 
effect, RISE, has also been reported. As depicted in 
Fig. 1, the apparent microhardness increases with in- 
creasing applied indentation test load. The RISE has 
been reported in Vickers microhardness studies for 
several single crystals: Si(111), GAP(100), GaAs(111) 
and InP(100) [7]. The phenomenon has not been 
extensively studied, but several explanations have 
been advanced. For metallic materials, it may orig- 
inate fi'om the work hardening of the test specimen 
during the indentation loading. For brittle materials, 
however, it is common, for Vickers indentations, 
that specimen cracking occurs during the indentor 
loading half-cycle. Feltham and Banerjee [7, 8] 
have suggested that the RISE may be related to the 
energy loss as a result of specimen chipping surround- 
ing the indentation during loading. Because of the 
cracking, a smaller indentation size results and the 
indentation test yields a higher apparent microhard- 
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hess for a given applied test load. However, there is 
a lack of quantitative analysis relating the indenta- 
tion-induced specimen cracking to the RISE. This 
paper establishes a physical basis to quantitatively 
analyse the previously published microhardness data 
for several single crystals exhibiting a RISE. 

2. Indentation cracking effect on the 
microhardness 

The microhardness is inversely proportional to the 
square of the indentation dimension, d 2, which makes 
any changes in the indentation size influenced by 
specimen cracking, significant. Fig. 2 illustrates the 
reported apparent Vickers microhardnesses as a func- 
tion of indentation test load for single crystals of 
Si(111), GaAs(100), GAP(111) and InP(100) after 
Banerjee and Feltham [7]. For these measurements, 
different amounts of indentation-induced specimen 
cracking at different indentation test loads have been 
reported to exist [7]. It has been also reported that for 
silicon, one of the single-crystals measured, the critical 
load to initiate the indentation cracking is estimated 
to be only ~ 0.3 g [9] whereas the experimentally 
observed value is 3 5 g [10]. These previously re- 
ported values are less than the minimum indentation 
test loads for the measurements [7]. A natural ques- 
tion is whether the observed RISE, shown in Fig. 2, 
originates from the contribution of the indentation- 
induced cracking to the apparent Vickers microhard- 
nesses of these four single crystals with similar structures. 

If the Vickers microhardness values of Banerjee and 
Feltham [7] in Fig. 2 are closely considered, it is 
evident that an unusual phenomenon is dominating 
these measurements. This may not be so apparent 
from the InP and GaP results, but it is quite obvious 
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Figure 1 The normal and reverse forms of the indentation size 
(load) effect. 
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Figure 2 Indentation test load dependence of the Vickers micro- 
hardness of several single crystals after Banerjee and Feltham [7]. 

from the GaAs and silicon values. These latter 
two materials exhibit microhardnesses of nearly 
2000 kg ram-2 or greater under the higher load levels. 
These values are more comparable to that of corundum 
(A1203) than to those for semiconductors, which might 
be expected to have hardnesses less than 1000 kg ram- 2. 
These comments are not meant to question the experi- 
mental results shown in Fig. 2, only to illustrate their 
unique character. As demonstrated in the following 
analysis and discussions, the excessively high micro- 
hardnesses exhibiting a RISE can be explained. 

For a sharp pyramidal indentor, such as the 
Vickers, cracks are frequently generated when the 
specimen volume beneath the apex of the indentor is 
loaded. It is well known that median or radial cracks 
form primarily during the indentor loading half-cycle, 
while lateral cracks may form under the action of the 
residual stress field during the indentor unloading 
half-cycle [11, 121. When addressing the issue of the 
effect of indentation cracking on the Vickers micro- 
hardness measurement, only those cracks created dur- 
ing the loading half-cycle are considered. This is 
because cracks created during the unloading half-cycle 
do not alter the resulting indentation dimensions re- 
lated to plastic deformation of the test specimen. 
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Crack formation during the loading half-cycle re- 
leases some of the elastic strain energy in the test 
specimen and also increases the specimen compliance. 
Hence, it reduces the test specimen resistance to the 
indentor penetration. At the point of maximum 
penetration during the loading half-cycle, the applied 
indentation test load will be balanced by the total 
specimen resistance. This can be expressed as: 

P = Re + Rr + Rp q- R~ (1) 

where P is the applied indentation test load, and the 
R terms are the individual specimen resistances: Rp 
relates to the plastic deformation, Re to the elastic 
deformation, the friction at the indentor/specimen 
facet interface is Rf and the specimen cracking resist- 
ance is Re, which is zero in the absence of specimen 
cracking. In the presence of indentation-induced 
cracking, the cracking resistance, Ro, is assumed to 
increase, becoming more important with an increase 
in the extent of cracking. Although Palmqvist cracks 
may be created during the loading half-cycle prior to 
the formation of the median crack, they are mainly 
confined near the subsurface of the test specimen. 
Because the critical load to initiate the median crack is 
less than the applied indentation test loads used [-7, 9], 
the effects of Palmqvist cracks may be considered 
insignificant compared to the median cracks. 

Fig. 3a(1) schematically depicts the indentation 
load, P, versus the indentation depth, h, for the case 
where indentation-induced cracking is present. Sim- 
ilar P-h curves have been observed in dynamic micro- 
hardness indentation measurement by Nowak et el. 
[-131. It clearly illustrates that during the loading half- 
cycle, specimen cracking created by the indentation 
process results in a series of abrupt indentor penetra- 
tions, or indentor sink-ins, somewhat analogous to 
crack pop-ins. The larger the indentation load, the 
greater is the number of the abrupt indentor sink-ins 
that will be observed and hence the greater their total 
penetration. The occurrence of specimen cracking in- 
creases the compliance of the test specimen, which can 
be treated as an equivalent reduction of the specimen's 
total resistance. 

For the case when the indentation crack growth 
occurs in a stable fashion, accompanying indentor 
penetration [,13], the process may be considered to be 
the superimposition of two separate steps: (i) shown in 
Fig. 3a(2), the indentor penetrates the specimen to the 
depth equal to (hp + he), without specimen cracking, 
and (ii) the subsequent specimen cracking which 
allows an additional total amount of indentor pen- 
etration, Ahc, as shown in Fig. 3a(3), which is a sum of 
each individual indentor sink-in. Fig. 3b illustrates the 
top view of a Vickers indentation, in which C is the 
radius of a fully developed median crack at the max- 
imum indentation load, P . . . .  and d is the diagonal of 
the Vickers indentation. 

According to Equation 1, specimen cracking re- 
duces the elastic term, Re, but increases the cracking 
resistance term, Re, at the same time because the 
crack growth occurs in a quasi-equilibrium state. This 
force balance defines the driving force for the indentor 
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Figure 3 Indentation-induced cracking during ioading Vickers 
microhardness measurements. 

sink-ins. For the loading half-cycle and with the pres- 
ence of indentation-induced cracking, the total 
indentation depth, htotal, is expressed as 

htotal = hp + he + Aho (2) 

The components of the specimen resistance, Ri, in 
Equation 1 can be related to the hi contribution if 
weighted by a factor (hi~h) where the subscript denotes 
each specific component in Equation 2. For a two- 
body contacting case, when the friction at the indentor/ 

specimen surface is considered, an effective indenta- 
tion test load, Peff, is reduced to (P - Rf). Hence each 

resistance may be de- component of the specimen 
scribed as 

Re = (he/htot,i) Pefe = (he~h) (P  - Rf) (3a) 

ap = ( h p / h t o t a l ) P e f f  ~ -  (hp/h) (P - Rf) (3b) 

Ro = (Ahc/htotal)Peff = ( A h c / h ) ( P - R f )  (3c) 

the summation of which satisfies the force balance in 
Equation 1. 

Considering the individual terms of Equations 3a 
and b, each component of resistance can be further 
described in its relationship to the indentation process 
as follows. 

(i) Frictional component: upon normal loading, 
the contact surfaces will displace in opposite direc- 
tions. The relative motion is restrained under the 
presence of the frictional traction at the indentor/spec- 
imen interface [14]. A simplified form of the friction 
may be 

e f  = g0P (4) 

where g is the coefficient of friction between the dia- 
mond indentor faces and the specimen indentation 
surface, and 0 is a geometrical factor for the conver- 
sion of the applied indentation load to the loads nor- 
mal to the contacting specimen surfaces. 

(ii) Elastic component: the solution for a rigid cone 
in contact with a flat elastic specimen surface is of the 
form [15] 

P = Aoh  

= [E/2(1 - v2)] (%/r~)  tan �9 hl (5) 

where E and v are Young's modulus and Poisson's 
ratio of the test specimen, % and ~ are the geometric 
factors related to the geometry of indentor, and re and 
he are the geometric factor and the penetration depth 
related to the perfect elastic contribution of the test 
specimen, respectively. Substituting Equations 4 and 
5 into Equation 3a, the elastic resistance of specimen is 
then 

Re = [E/2(1 - v2)] (1 - gO) (cto/r 2) tantP(h3e/h) (6) 

The elastic effects are quite complicated by the elastic 
anisotropy of single crystals. Thus, these effects will 
certainly have a strong orientation dependence, for the 
elastic constants, such as E and v, are fourth-order 
tensors. 

(iii) Plastic component: for a perfectly plastic body, 
the depth of indentation deformation can be related to 
the indentation test load as [16] 

P = Aph 2 

= Hi(~o/rZ) tan2~h2v  (7) 

where Hi is defined as the true microhardness of the 
material, which is a representative of a portion of the 
pure elastic deformation free from any forms of inden- 
tation artifacts, and rp and h v are the geometric factor 
and the penetration depth, respectively, which are 
related to the plastic contribution. Then, the substitu- 
tion of Equations 4 and 7 into Equation 3b yields 

Rp = (1 - gO)Hi(ao/r~) tan 2 ~P(h~/h) (8) 

(iv) Specimen cracking component: in atomistic 
terms, a brittle crack grows by the sequential rupture 
of cohesive bonds across the crack plane, creating two 
new surfaces. The bond-rupture process operates un- 
der conditions of the thermodynamic (Griffith) equi- 
librium: energy release rate (G) = 2F (surface energy, 
F). Once G > 2F, the crack propagates in a dynamic 
manner until the whole system, indentor and speci- 
men, is under a newly defined equilibrium condition. 
For a median crack induced by a sharp indentor, such 
as a Vickers diamond, at the maximum indentation 
loading, that the equilibrium condition can be ex- 
pressed in terms of the applied test load and the 
resulting crack dimension in the form [14] 

P = ( K c / z e ) C  3/2 (9) 

where C is the size of a fully propagated and stabilized 
median crack under the given loading condition, Kc is 
the stress intensity at the maximum indentation load, 
which may be related to the materials fracture tough- 
ness, and Zo is a dimensionless indentor/specimen 
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constant, where the subscript e denotes the purely 
elastic stress field. Combining Equation 3c with Equa- 
tions 4 and 9 yields 

Re = (1 -- gO) (Kc/Ze) (C3/2Ahc/h) (10a) 

Assuming that Ah~ is proportional to the crack size, C, 
by a factor, co [171, Equation 10a yields 

R~ = (1 - ~0) (mKc/Z~) (C5/2/h) (10b) 

Based on the force equilibrium at the maximum 
indentation test load, the apparent microhardness, 
Happ, can  then be described according to the combina- 
tion of Equations 1 and 2 as 

Hap p = OP/h 2 

= O(Re + Rp +Re +Rf)/(he +hp + A h r  2 (11) 

The true microhardness, Hi, is related only to the 
irreversible plastic deformation [18]. By analogy to 
Equation 11, the true hardness is of the form 
Hi = ORv/h 2. Equation 11 can then be rearranged to 
yield 

Happ = )~Hi + )~2(Re q- Rf -}- R~) (12) 

where L1 = (1 + h~/hp + Ahc/hp) -2, and )~2 = O/h 2. 
From Equation 12, it is evident that there may exist 
several indentation-related artefacts which can in- 
crease the apparent microhardness to levels above and 
beyond the true microhardness. These are the elastic 
contribution, the frictional effect and also indentation- 
induced cracking. The net effect results in an apparent 
increase in the observed microhardness. From this 
format, it is possible to quantify the trends of the 
apparent microhardness as a function of the indenta- 
tion test load, for there have appeared two exactly 
opposite indentation size/load effects as earlier dis- 
cussed, the classical ISE and the RISE. 

It has been recently demonstrated that for iron, 
which can be approximately treated as a perfectly 
plastic body, the effect of friction on the apparent 
microhardness is significant only for low indentation 
test loads. The influence of the friction between the 
indentor and the specimen facets results in a trend 
where the microhardness decreases with an increase in 
the applied indentation test load [19]. This trend 
exists for iron because the indentor/specimen contact 
area (the source of the friction) increases relative to the 
indentation volume as the test load (indentation size) 
decreases [2]. The elastic effect may be expected to 
lead to a similar trend for the indentation size effect 
[20]. Examination of those two factors suggests that 
the RISE, shown in Fig. 2, is not related to either the 
frictional effect or the elastic effect, otherwise the trend 
of a classical ISE would be observed. Clearly, it is not. 

As only the indentation-induced cracking is ex- 
pected to contribute to the RISE, it is appropriate to 
isolate and investigate cracking as a source for the 
phenomenon depicted in Fig. 1 and the experimental 
results illustrated in Fig. 2. Reducing Equation 12 to 
only the indentation cracking effect yields 

Hap p ~' ~.lHi + ~2Rr (13) 
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Incorporating Equation 10b into Equation 13 gives: 

Happ --- X1Hi + )~z(1 - g0)(mKc/Ze) (C5/2/h) 

= LIH~ + (1 -- g0)(0mKc/Xe) (C5/2/h 3) (14) 

Based on the linear relation between the crack size, C, 
and the indentation test load, p2/3, shown in Equation 
9, the above equation can be rearranged to yield 

Hap p ~. )MHi + K[ps/3/h 3] (15) 

where K is equal to (1 - gO)OmKc2/3Z 2/3. A peculiar 
(5/3) dependence of the apparent indentation micro- 
hardness on the applied indentation test load results. 
Nonetheless, it allows for the examination of the 
experimental results shown in Fig. 2. In Equation 15, 
for an ideally perfect plastic body, the apparent micro- 
hardness is equal to the true microhardness, and un- 
der this condition )~1 is equal to unity. Because he and 
Ahc are both equal to zero for that case, Re and Re 
vanish, too. 

3. An application of the indentation- 
induced cracking (IIC) model 

In Fig. 2, there obviously exists a general trend that 
the apparent microhardnesses increase with increasing 
indentation test load, the extent of which varies sub- 
stantially for the four individual single crystals. To 
apply Equation 15 directly to those microhardness 
data which contain indentation-induced specimen 
cracking, it is most desirable to have directly 
monitored the indentation depth during loading to 
determine the precise indentation depth, h. However, 
for the data presented in Fig. 2, an estimation of the 
final indentation depth, h, using the indentation size 
after unloading, appears to be satisfactory. For 
example, the elastic recovery of the indentation size of 
an indentation which is measured immediately after 
unloading results in a slight underestimation of the 
indentation depth. When indentation cracking is pres- 
ent, this underestimation is reduced, for the specimen 
cracking releases a portion of the elastic strain energy 
stored in the specimen, which reduces the extent of 
elastic recovery. Furthermore, cracked indentations 
usually occur at high loads where the elastic contribu- 
tion is not significant. 

Table I summarizes the results of the Vickers micro- 
hardness and the calculated indentation size and esti- 
mated indentation depth as a function of the applied 
indentation test load, from which the quantity, 
PS/3/h3, in Equation 15 was determined, listed in 
Table I also. Fig. 4 illustrates the results of the applica- 
tion of the indentation-induced cracking model to the 
data from the four different single crystals shown in 
Fig. 2. In spite of the significant differences in micro- 
hardness levels, as well as the varying trends of micro- 
hardness-indentation load, it is evident that all of the 
results fall on a single curve. This confirms that the 
RISE is directly associated with the indentation-in- 
duced specimen cracking. It must be concluded that 
the RISE occurs because of indentation-induced 
cracking. 



TAB LE I Apparent Vickers microhardnesses and the application of the indentation-induced cracking model for several single crystals 

P(g) 
5 10 15 20 25 50 100 

Si (1 1 1) H~ (kgmm -2) 231.6 502.0 670.4 - 1012.2 1947.9 2160.0 
d~,l (~tm) 6.33 6.08 6.44 - 6.77 6.90 9.27 
heal (gin) 0.90 0.87 0.92 0.97 0.99 1.32 
PS/3/h3(gS/3 ~m -3) 20.1 70.5 117.2 234.2 699.4 936.7 

GaAs (1 00) H~ (kgmm -z) 219.4 417.3 681.6 848.0 1503.0 1880.6 
dea I (gin) 6.50 6.67 - 7.38 7.39 7.85 9.93 
h~l (gin) 0.93 0.95 - 1.05 1.06 1.12 1.42 
PS/3/h3(gS/3 gm 3) 18.2 54.1 - 127.3 179.5 483.0 752.4 

GaP (1 1 1) H~ (kgmm -z) 193.9 305.1 432.6 - 564.3 809.2 868.4 
deal (/2m) 6.92 7.80 8.02 - 9.06 10.70 14.61 
hca I (p,m) 0.99 1.11 1.15 - 1.29 1.53 2.09 
PS/3/h3(gS/3 gm -3) 15.1 33.9 60.0 99.6 189.5 236.0 

InP (1 00) Hv (kgmm -2) 115.3 194.9 231.6 - 278.6 430.6 473.5 
dr (~tm) 8.97 9.75 10.96 - 12.90 14.67 19.79 
hca I (gin) 1.28 1.39 1.57 1.84 2.10 2.83 
PS/3/h3(g5/3 pm -3) 7.0 17.3 23.6 - 34.3 73.3 95.1 
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Figure 4 Analysis of the reverse indentation size effect (RISE) 
shown in Fig. 2 with the application of the indentation-induced 
cracking model. Single crystal: (�9 Si (1 1 1); (0) GaAs (100); (V) 
GaP (1 1 1); (T) Inp (1 00). 

4. Conclusion 
The previously reported reverse form of the indenta- 
tion size effect or RISE for Vickers microhardnesses of 
several single crystals with similar structure was ad- 
dressed by considering the force equilibrium between 
the applied indentation test load and the test specimen 
resistance. An indentation-induced cracking model 
describing the RISE on the microhardness was de- 
veloped and applied to previously published data. 
A well-defined relationship for the proposed mecha- 
nism and the previously published experimental data 
exists from which it is concluded that the RISE is 
caused by indentation-induced cracking. 
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The trend shown in Fig. 4 also reveals the non- 
linearity of Equation 15. This is related to the factor, 
co, which is load-dependent. Dynamic microhardness 
measurements appear to be an appropriate means to 
investigate further the depth of indentor sink-in dur- 
ing the loading half-cycle and the median crack sizes 
as they are related to the indentation test load. For 
many microhardness measurements using a Vickers 
indentor, the indentation-induced cracking is inevi- 
table. Combining the dynamic microhardness inden- 
tation method with the IIC model in a format of 
Equation 15, the true microhardness, Hi, can only be 
deduced from the intercept shown in Fig. 4. The para- 
meter, X1, can be experimentally determined by 
measuring each individual contribution of the he and 
Ahc over hv, according to Equation 12. 
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